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ABSTRACT

This paper aims to identifying the numerical method accuracy of the analytical solution of the damped
oscillation equation motion. Adams method of 4th order, Milne method and Adams-Simpson method
are used to find numerical solutions. Value of y(1), y(2), y(3) obtained from The 4th order Runge-Kutta
method. They used as initial value of multistep method. Then, the numerical solution result was
compared with analytical solution. From the research result, it is found that 4th order Adams method

has the best accuracy.
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Introduction

Oscillation is a move back and forth
around the equilibrium position. Many
oscillatory phenomena can be observed in
everyday life. Leaf movement on the tree
trunk, vibration strings of the guitar, and
springing motion because there is a load,
there are example of an oscillation
phenomenon. Oscillation is very important in
the development of computers, mobile
phones, and other digital equipment. Without
oscillation, the electrical charge on the
mobile phone antenna will not work.*

In fact, There are forces that cause
vibration also there are force that inhibits
vibration motion. So that all vibration motion
eventually decreases its energy and stops
vibrating. Mathematically the oscillation
motion is modeled by the 2nd order
differential equation.

The solution of differential equations can
be solved by analytic and numerical methods.
The analytic method will produce a true
solution that is usually difficult to find the
solution. While numerical methods produce
approximation solution that can be done
directly without simplification of physical
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parameters, but requires a standard trial
function determined by analytical methods.
In previous research, numerical modeling has
been done, to predict oscillation motion on
vibration sensors based on electromagnetic
induction.? The results obtained that the
numerical method is able to model the
oscillation motion without having to know
the analytical solution first.

There are many methods that can be used
to solve differential equations, one of which
is the multi steps method. The multi steps
method is a method that requires two or more
previous values to obtain the present value.
These initial values are derived from the one-
step method (Euler or Runge-Kutta method).

The multi-step method is called the
predictor-corrector method, because in the
solution used predictor equations and
corrector equations. The Adams method,
Milne method and Adams-Simpson method
are many step methods. Previous research
has shown that numerical calculations use the
Adams method. Milne method and Adams-
Simpson method is more accurate than Euler
or Runge-Kutta method.34°

In this research, we determine analytical
solution of solution of second-order
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differential equation which arise in problem
of damped oscillation motion. The analytical
solution was compared to analyze the
accuracy of numerical solutions of the
Adams method, the Milne method and
Adams-Simpson method. The one-step
method used to find the initial solution is the
fourth-order Runge-Kutta method. The
Runge-Kutta method is an alternative to the
Taylor series method that does not require
derived counts. The advantages of this
Runge-Kutta method have higher accuracy
than the Euler method, Heun method and
Taylor series method.

Methods

The initial step of this research is to
determine the initial equation of damped
oscillation motion which is then solved
analytically. Equation (1) represents the
equation of damped oscillation motion.

a?y ( bdy k. _
dt? mdt+my_0' (1)

Equation (1) can be written analytically as
equation (2)

y = Ae~"lam cos w't, (2)
with
;K b \?
o == (Gn) 3)

Based on equation (1) and (2) y, t, b, k, m, A,
dan ' are position (m), time (s) damping
constant (Ns/m), elasticity constant (N/M),
mass (Kg), amplitude (m), and corner
frequency (Hz) respectively.®

4th order Runge-Kutta Method

In this step, equation (1) was resolved
numerically by using RK4. Equation (1) is
2nd order differential equation. To simplify
the calculation process, then we are using
analogy, which is d?y/dt>=y"=z" and
dy/dt=y'=z, so equation (3a) and (3b)
obtained.

y' =z (3a)
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r__k,_ D
Z=——y——z (3b)

Based on RK4 algorithm, two solutions of
differential equation (4a and 4b) are
obtained.

pl = h x z(i),
p2 = h X (Z(i) + %ql),
p3=hxX (z(i) + %qZ),

p4 = h x (z(i) + q3),

1
y(i+1) =y + [E (pl+p2+p3+ p4)]

(4a)

and
al=hx(~£y@ - 220).

q2 = h X [—%(y(i) +%p1) —
w0 +301)]

q3 =hx [—%(y(i) +%p2) -
(20 +3a2)]

g4 = hx|—= (y() +p3) — = (2(0) +
q3)],

z(i+1)=2z@0()+ E (g1 +qg2+q3 + q4)]

(4b)

where h is the range of each iteration.

4th order Adams Methods

After the calculation with RK4 has done,
we solved equation (1) using Adams4. The
solution obtained by RK4, then substituted
into Adam4 as initial value. Based on
Adams4 algorithm we obtained equation as
equation (5a) and (5b)
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y(i+1) =y(0) + [ (555 () —
59y'(i — 1) +37y'(i — 2) — 9y'(i - 3))|
(5a)

and

2(i +1) = z(i) + |52 (552'(i) -
592'(i — 1) + 372'(i — 2) — 92" (i — 3))]
(5b)
Milne Method

Milne method is similar to Adams4. This
method requires the initial value that
generated from RK4. Equation (1) was
solved by the Milne algorithm so that the
equation (6a) and (6b) is obtained.

y(i+1) =y(i—3)+ |5 (2y' O -
y'(i—1+2y'(i—2))| (6a)

and

2(i+1) = z(i - 3) + |3 (22'(0) -
Z2'(i—1)+22'(i — 2))] (6b)

Adams-Simpson Method

Like Adam4 and Milne, AS requires the
initial value to calculating. However AS
predicts the value to be searched with the
predictor equation, after which the predicted
value will be corrected by the corrector
equation. Based on the AS method algorithm,
S0 equation predictor is

y(i+1) =y + |36y -
3y'(i - 1) (7a)

and

z(i+1) = z(0) + [g(gz'(i) —37'(i — 1))]
(7b)

and then the corrector solution is
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yi+ D =yi-D+[s(3y G+ +
4y'() - y'(i - 1)| (8a)

and
2G+1) =2z3Gi-1)+ [g (3z'(i+ 1) +

47' () — 2'(i — 1))] (8b)

Result and Discussion

Research about numerical solutions of
damped oscillation motion equation has
finished. The solution is obtained by
modeling equation (2). Penelitian mengenai
solusi numeric dari persamaan gerak osilasi
teredam dilakukan dengan memodelkan
persamaan 2. Modelling using RK4, Adam4,
Milne and AS algorithms. The initial value b,
k, m, and A is 0.25 Ns/m, 3 N/m, 0.5 Kg, and
1 m respectively. Where initial position
y(0)=A, and h=0.1 with t=10 s. The value
y(n) with n =0,1,2,3, has been obtained from
RK4, for substituted into Adam4, Milne and
AS as initial values. The modeling results are
shown in Figure 1.

From Figure 1 it is known that the
analytical solution is represented by a black
cross. The analytical solution describes the
damped oscillation motion where the initial
drift is given a value of 1 m which then
progressively stops by 10 seconds. The same
is true of numerical solutions generated by
Adams4 and RK4. The Adams4 solution is
indicated by a red circle marker while RK4 is
indicated by a purple star. In Adam4 it is
known that the numerical solutions generated
each iteration are very close to analytical
solutions. However in RK4, although the
resulting solution appears to follow the same
pattern with the analytical solution, but the
results have different values. It is seen from
the 1st to 6th seconds. Different conditions
are shown by Mine and AS, where both
methods have an enlarged deviation. The
Milne method shown by the green box marks
has been seen to be inconsistent since the 1st
second. The same is followed by the AS
indicated by the blue plus sign. However, the
deviation produced by the AS is smaller than
Milne.
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®  Analytic solution

4 order Runge-Kutta method
4 order Adam method

Milne method

+  Adam-Simpson method
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Figure 1. Relationship of position to time using analytical solutions, RK4, Adam4, Milne and AS

Conclusion

Based on the results of the analysis, it can
be seen that the numerical solution generated
by Adams4 has a very good accuracy
compared to numerical solutions of the other
three methods. Milne became the worst
method of accuracy, as was the AS method.
Although the AS does a more complicated
calculation because of the predictor and
corrector equations, it does not make this
method the best. On the other hand RK4
emerged as the most efficient method because
it does not require many calculation processes
such as multi-step method, but the accuracy
produced better than Milne and AS
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